Adsorption Rate Studies — Interaction of

Diffusion and Surface Processes

The adsorption of a component of a gas mixture on a
solid particle can be described by a three-step mechanism:
diffusion from the main body of the gas phase to the ex-
ternal surface of the particle, diffusion into the particle
(for example through the pore volume, or by migration
along the solid surface of the pore in a porous particle,
and by a solid diffusion mechanism in an impermeable
particle), and adsorption on the pore surface. In the gen-
eral case all three steps can contribute to the overall rate
measured in terms of concentrations in the bulk gas
stream.

The application of adsorption rates generally involves
an assembly of solid particles such as a fixed bed through
which the gas flows. The desired result is usually the
concentration of the adsorbate in the gas leaving the
bed as a function of time. Based upon reasonable assump-
tions, analytical solutions have been obtained when tlge
overall rate is determined by but one of the three steps.
For example for surface adsorption or external diffusion
controlling the rate Nusselt (7), Anzelius (2), and others
(5, 11) have presented equivalent mathematical devel-
opments. Thomas (12), Rosen (8), and Edeskuty and
Amundson (4) all solved the problem when only intra-
particle diffusion is significant.

Previous theoretical treatment to include the resistances
of two of the three steps is limited to that of Rosen (9)
who considered the combined effects of intraparticle and
external diffusion. Later in this paper solutions are re-
ported for the additional two-resistance cases of intra-
particle diffusion-surface adsorption and external diffusion-
surface adsorption. A solution of the general three-resist-
ance case in integral form has also been developed (6).
In view of the previous papers presenting specific solu-
tions and the new results of this work it is desirable to
summarize in one place the status of the problem. Hence
the initial equations, assumptions, and solutions are given
in Table 1 for several variations of the problem of con-
centration as a function of time in the gas phase leaving
a fixed bed of porous particles.

In the second paper experimental data for the adsorp-
tion of ethyl alcohol on silica gel are analyzed with the
mathematical solutions to determine the significance of
specific resistances.

INITIAL EQUATIONS AND ASSUMPTIONS

A gas mixture containing a single adsorbable compo-
nent flows through a bed of solid particles under isother-
mal and isobaric conditions at a constant superficial veloc-
ity u. The particles are spherical (radius = R) and form
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a bed of length z,. The concentration of adsorbate in the
entering stream is Co. The major assumptions upon which
the following equations are based are:

1. The adsorption is proportional to the gas-phase con-
centration and independent of the fraction of the surface
covered with adsorbate. Thus the equilibrium relationship
between adsorbed molecules and those in the gas phase is
linear. This is a reasonable assumption for small concen-
trations.

2. Axial diffusion in the bed is negligible with respect
to bulk flow.

3. Concentration gradients in the radial direction in
the gas phase are negligible.

With these restrictions the concentration C(z, §) is de-
termined by the following seven equations:

Mass balance in gas phase

8C 8C E 0 1
u > + eB 57 + (1)

Mass balance in particle

D: ( 82C n 2 &C ) ~oC 8S 2)
"\ a2 roor /) ¢ 80 to 86
Surface rate
8S~:C (_S—_):(C IS) (3
56 ke ne )
External diffusion, boundary condition
_ §C
k (C—C) = Di\ — (4)
ot “r=r
Rate of diffusion E
~ - 3C 3pe [ D: 3C
R=4#R2nDi\ — = — —_—
& ‘yr=r Pp R 8 7 r=R

(5)

where n is the number of spherical particles per unit

volume of bed, n = pn/(4/3 = R® pp).
Initial condition and boundary condition

C=C=8=0, at §=0; z=2z=0 (8)
=0 (7)

The solution can be simplified by replacing variables z
and 4 by x and ¢ in accordance with the expressions

6:60 at ZZO,
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= (8)

=g — Z€B

(9)

u

When one uses Equation (5) for ﬁ, the change of vari-
ables reduces Equations (1), (2), (3), (6), and (7) to

the form
36+ 3ps Di(SC) 0 10
dx espp R or Ji=r (10)
8C 2 8C 8C &S
(5642 ) () e (2)
=TT e *\5 /) Trly
(11)
SS—;C (—S 2
vl ® (12)
_ Zen
(’:C:O,Sz()ati————:(), Xo=x=0
i
(13)
— p43:]
C=Coatx=0 t=——=0 (14)
u

In Equations (13) and (14) the time interval zes/u cor-
responds to the holdup time in the bed and is usually
negligible with respect to the time required for finite
adsorption.

The solution of Equations (4), (5), (10), (11), (12),
(13), and (14) can be obtained in terms of dimension-
less groups, the number of which depends upon the re-
sistances included. When all three resistances are retained,
four groups are involved (6). The numerical work in
evaluating the solution over a range of the four param-
eters is considerable. Frequently this is not necessary be-
cause one or more of the resistances is negligible. For
small particles the overall rate is often determined by
intraparticle and surface reaction resistances. This case is
solved in the next section. Since only three dimensionless
parameters are needed, it does not require excessive cal-
culations to evaluate numerically the solution (to obtain
C/C, at zo) for a range of values of the parameters. Then
the mathematical solutions for the other two-resistance
cases are presented. Also included are new solutions for
the single-resistance problems in terms of the same param-
eters (but two are necessary for these cases). These results
agree with the earlier solutions (2, 5, 7, 11) and are
simpler to use.

INTRAPARTICLE DIFFUSION AND SURFACE ADSORPTION

The system for this case is described by Equations (10),
(11), (12), (13), (14), (5) and the form of Equation
(4) which is applicable for negligible external diffusion
resistance; that is

C—C=0ar=R (15)

The method of solution employed is to apply a double
Laplace transform (3) to the variables x and ¢. This ap-
proach follows that used by Amundson (I, 4) for prob-
lems involving diffusion resistances but no surface rate
resistance. The symbols used for the transformation are:

Lz[C(x,t,7)] = J:o e P Cdx=f(r,p,t) =fa
(16)
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GICtn]= [ e-wCdi=f(rnxq) —fo
(17)
Lot [C(x,t,7)] = J; J; e~ ®rtat) C dudt —

fr,p.q) =fux (18)
LAS(r 6] = | e Sdr=g(rpt) = g
(19)
LIS 0T = [ e dt = g(rx q) = g
(20)
Lat{S(x,8,r)] = _’;w J;w e~ wz+at) § dudy —
glrp.q) =g (21)

and for the interparticle gas concentration C

Lz [C(x, t)] :J; e P Cdx=F(p,t) =F: (22)
Li[C(x, 8)] = J; e~ Cdt=F(x,q) =F: (23)

Loxt [a(x, t)] o fo J; e—(pxtat) de de =
F(p,q) =Fx (24)
Using the relation for the transform of the first deriva-

tive, and applying the initial condition [Equation (13)]
one obtains

Lz [[Zt <(jl_f) ] =Lz [Cem9]® +
q J:oce_“ dt  =Lelgfe} =qfa (25)

Similarly for the variables S and C, when one utilizes
the boundary conditions of Equation (14)

5"[& (2—?) ] =q g (26)
L [G(i;-)] =L [Co+pF:l =
~%O+prt (27)

Now application of the double transform procedure to
Equations (10), (11), (12), and (15) reduces the prob-
lem to the solution of the following:set of ordinary differ-
ential and algebraic equations:

Co dfx
——+prt+C1( ft) -0 (28)
dT r=R

q
where
3pB (Dl)

Cy = e 29
r=——\3 (29)

dzf:rt 2 df:ct)
i —_— = x x 30
D (drz +— q(ep fat + pp gzt)  (30)
q got =\ fat— b Gat (31)
(Fxt)r=r = (fzt)r=r (32)

Combination of Equations (30) and (31) gives the
following equation in frt:
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q(Ep-l- Pp (—)

d?fzt 2 dfu qg+u
T e D far =0

Since ¢ is negligible with respect to (;\) po)/ (g + ;), the
equation may be written as

-

21 2 dx A
dft_l___ ft_ fp_ q(_ fxtzo (33)
dr? r o dr Di g+p

The general solution of Equation (33) is

fthstin<T / L | )
r v Di qg+p
+%'cos(1 /—‘P")‘. q(_)

V. D g+

-2 0625 -
3 = Xo=21 7
_4 | h =279
0 0 20 30 30 50

m, (i=n/100)

Fig. 1. Convergence of y(}).

However the constant Cs must vanish since fz¢ should be
finite at » = 0. Hence the solution reduces to

W
=2 m[’-—(i)] (34)
r R
where W (g) and h are defined by the expressions
W(g) =i \/ 7. (35)
qg+u
| %
_ P
h=R B (36)

The constant Cz can be evaluated from Equations (28)
and (32). The result is

‘CoR 1
g sin[hW{(q)]

Ce =

. (87)
p+ 7{_‘ {(hW(g) cot [hW(g)] — 1}

Then the solution for fx« becomes
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Fig. 2. Effect of diffusion group h on breakthrough curve.

_.  sin __—_rhW(q)
RCo R

rq sin [hW(q)]

fxt =

= (38)
p+— (hW(g) ot [hW(g)] — 1)

The next step is to use the inverse transform to obtain
ft from Equation (38). Then Equation (10) is trans-
formed with respect to ¢, obtaining an ordinary differen-
tial equation in dFt/dx and involving df¢/dr. This may
be solved for Ft. Then the inverse transform gives the re-
quired solution for C as a function of x and t [Equation
(23)]. Carrying out these steps one can apply the inverse
transform relationship

—1 — eg—ax 39
[ p+ a:| ¢ (39)
in Equation (38) to obtain
. thW(q)
_  sin ————
RCo R

= W W(g)]

exp [_%‘x {(hW(q) cot [AW(q)]—1} ] (40)

Now transforming Equation (10) with respect to ¢ one
gets
dF: ( dft )
— +Ci1 |\ — =0 41
dx T dr /+=r ( )

The term (dft/dr)r=r can be evaluated from Equation
(40). If this is done, and the result integrated, there is
obtained

7. z%exp (-2t wiq) cot thw ()11 |
(42)

Now the solution may formally be written as the in-
verse transform of Equation (42); that is

Lim Y +iB
! g oo[ f _Be‘"F:dq ](43)

i L

C(x,t) = 5

The function F: has a single pole at ¢ = 0 and an in-
finite number of unessential singularities on the negative
side of the real axis. Hence it is not practical to evaluate
the integral in Equation (43) by the method of summing
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Fig. 3. Effect of diffusion group h on breakthrough curve for high
value of reaction group ko,

the residues. However by substituting -q: = = A2, it is

® 4R

I

possible (3, 8) to transform the integral into a real, im-
proper form. In this manner Equation (43) can be
written in terms of the integration parameter X as follows:

— €1
C 1 2o ——cn®
i A
“ C d
sin[pt)\2~ilx\p2 (k)]% (44)
where (
[ @1(d) sin2@1(A) + @2(7) sinh 2 ®2()\) .
e (r) = [ cosh 2 ®2 () — cos 2 @1 (x) 1]
(45)
[ ®2(\)sin2@1(2) — @®1(\) sinh 2 @2 (\)
b () = [ cosh 2 ®2(\) — cos 2®1(\) ]
(46)
and
1 172
1 = —hX
o) [2(x4+1)(\/x4+1+>\2)]
(47)
@) = h | ! " s

200 + 1) (VA +1-2)
Equation (44) can be evaluated numerically to give curves

of C/Cs vs. x and ¢, or the original variables 8 and z.

Actually what is desired is C/Co at 2o Or Xo = 2Zoen/p, cor-
responding to the exit of the bed. Before obtaining this it
is advantageous to generalize Equation (44) by expressing
it in terms of three dimensionless groups:

Intraparticle diffusion group

1T

// X Pp
h=Ry — (36)
Reaction group
b= o= 25X (49)
Time group .
bo =~ (50)

The quantity 4, depends upon zo. It is the time required
for the concentration C at zo to reach Co, if the overall
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adsorption_rate were infinite. For an infinite rate the
curves of Cz, vs. § would be a step function, that is Cz
= 0 from # = 0 to 8, and Cz = Co for 6§ > 6.. Hence

6. is simply related to the properties of the bed by the
expression

6. u Co = max adsorbable (equilibrium with Co)
in the bed

= PB %o ()\950)
or

0, = pBA‘e

%o (51)

u

In terms of the three dimensionless groups, and evalu-
ated at zo, Equation (44) becomes

(©), =242 ] S

SA.O d}\
ey | 2 (52)

I'o ‘]];
e Gl N
25
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Fig. 4. Effect of reaction group X, on breakthrough curve when
surface adsorption controls overall rate.

The same type of integral as in Equation (52) is ob-
tained for the solutions for other two-resistance and single-
resistance cases. The method of evaluating numerically
this form of integral is considered after the solutions to
other cases are presented.

EXTERNAL DIFFUSION AND SURFACE ADSORPTION

For this case the intraparticle concentration C is not
a function of r. Hence Equation (5) is replaced by

~ 88
R=pn % (53)
and Equation (4) by
_ N
47R2k (C—C) :—si—vrﬂsppjs;
or
% ec (54)
%R ( )
and Equation (2) by
sC
— =0 (55)
or

Then the problem is described by Equations (1), (8),
(53), (54), and (55) with the same initial and boundary
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equations [Equations (6) and (7)]. Solving Equation
(3) for C and substituting in Equation (54) one obtains

— 1 1\ 88 1
C=(—:+—— —+—3S8 (56)
A Af of Ae
where
3ks
N=— (57)
Rpp

The method of solution employed is change variables
¢ and z to t and x by the use of Equations (8) and (9)
and, take the transform with respect to ¢ of the expres-
sions resulting from Equations (58) and (1). The results

are:
1 1 1
Fo={ —+— qgt+7gt (58)
A Af ¢
and
dF: pB
— =0 59
dx qgt (59)

Equation (58) can be solved for g¢ and substituted in
Equation (59) giving a first-order ordinary differential
equation in F:. Its solution is

Co —_ pB)\ Af P

=
I
I
[e]
L]
e

bl

r+xn/ e N

®

P €B

t+p

-

At (80)

General case (6)
External diffusion, intraparticle diffusion,
and surface adsorption are rate-determining

Special case 1 { this work)
Intraparticle diffusion and surface
adsorpticn are rate-determining

The desired result is the inverse transform of F:. In
terms of dimensionless parameters and evaluated at zo it is

(E) 1 2 (e
=)=+
Co 2 N

sin [00)\01(0}\2 — )\okollﬂ (A) ] %l\_)\'

exp [— Moko1 (1) ]

(61)

where the reaction and time parameters Ao and 8, are the
same as before, defined by Equations (49) and (50). In-
stead of an 1nt1aparhcle diffusion group the third parame-
ter for this case measures the external diffusion resistance:

External diffusion-surface reaction group

A
ko = !

(62)
A4 Af

For this solution y1 and 2 are the following functions
of the integration parameter \:

)\4

=1 (63)
KQ
=0 (64)

Equation (61) gives C/Co as a function of time for
this case in the same form as Equation (52) for surface
reaction and intraparticle diffusion.

T

General form of solt

Special case 2 ( this work)
External diffusion and surface
adsorption are rate-determining

Mass balance inD ( 82C 2 BC) oC 08 —0 D ( §2C 2 6C> dC oS —0 aC
) =22y 9 (12 =2 7Y ., e I
sphere N T o) e e o VT o YRRy or
Surface adsorp- 85 Yot ;:(C 1 S) 38 So_5s ¢ (C 1 S) 88 To_ s »(C 1 S)
tion rate 80 TR TR - e ~6_0 - g =r e Y o K= e
~ ~ _ [8C ~ _ 8C ~ 58S RYS -
R R = 4nR2nDi\ — R = 4nR2 - nDi\ — R =pp— = - ks(C—C)
87 r=~R &r r=R Y] ppR
Mass balance in. - 8C - 88
external film ks(C — C)T—R-‘Dt( C—-C=0 kt{(C—C) = —ppR - —
dr r= R 60
3ho 3ho 3hko _
ay == | — S Q1 |; a2 = | ohor? — Qo a1 = | — Q1 |; a2 == 0ohoh2 — - Q2| ar =[—hokoQ21]; a2 =[8ohokoh2 — dol
ho hs he
[ v1 + k(y12 + yo?) ]
Q1=
(14 k\01)2 + (ky2)? Same as case 1
2
[(1 + ky1)2 4 (ky2)2
. @1 sin 2b1 4 P2 sinh 2ds
Solution = —1 Y1 = @1 (= Q1)
cosh 2¢2 — cos 201 Same as general case
[ ®1 sin 2®1 — ®1 sinh 22 ] . )
cosh 22 — cos 21 V= (=
1 1/2 24
—h [ ] b1 =
(A 4 1)(\A + 1 +22) Same as general case L4
1 172 22
o2 = J-h) Oz =
2004 + 1) (VM + 1122 1+2%

Dimensionless groups and parameters: h, k, ko, Ao, Aot, o, Ar, and 6= (see notation).
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EXTERNAL AND INTRAPARTICLE DIFFUSION

Rosen (9) evaluated the integral solution for the case
where external and intraparticle diffusion resistances de-
termined the overall adsorption rate. For these circum-
stances the relation between C and S is an equilibrium

one:

S =C

(65)

It is interesting to note that the form of the solution
is exactly the same for surface rate or external diffusion
determining the overall rate. As noted in the table for the
surface rate case the solution is in terms of the reaction
parameter Ao and . For the external diffusion case the
only change is that Ao is substituted for Mo. The quantity
Xos is the external diffusion dimensionless group defined as

Y
Xe

Aop = (66)

rather than Equation (3). This problem is described by
Equations (1), (2), (4) (5), (65), (6), and (7). The
results are summarized in the fifth column of Table 1.
This table also reproduces the results obtained in the pre-
ceding sections for the other two-resistance forms of the

NUMERICAL EVALUATION OF INTEGRALS

To utilize the solutions in Table 1 it is necessary to

problem. All the solutions are described in terms of the

general form given at the top of the table.

SINGLE-RESISTANCE CASES

evaluate the integrals for a range of values of the dimen-
sionless groups. Rosen (9) developed a method for doing
this for the case of intraparticle and external diffusion de-
termining the rate. A somewhat similar numerical method
was used in this paper fo establish results when intraparti-
cle diffusion and surface adsorption and surface adsorption

1

(

C) 1
Co’ 20 2

As mentioned the solution for (C/Co)z, has been ob-
tained previously in other more complicated forms for
surface adsorption or external diffusion resistance control-
ling the rate. However it is desirable to present these
solutions in the same form as for the two-resistance cases.
This has been done in Table 1, where the result in each
case is in terms of the pertinent dimensionless groups.
Rosen’s solution for intraparticle diffusion controlling the
rate is already available (8) in a somewhat similar torm.
Hence it is not repeated in the table.

dh
[ev1 sin ap] * ~—

2 =]
+ =
BT o

Special case 3 (9)
External diffusion and intraparticle
diffusion are rate-determining

alone contro] the overall process.

For the first case Equation (52) was integrated with
Weddle’s rule (10) and by carrying out the numerical
work on an IBM-1410 computer. Since the integrand be-
comes nearly zero as \ increases, the infinite limit of inte-
gration can be replaced by the definite limit j = n(Ahr).
The integrand may be written as

1
yi = e~ 41 sin [BA2— Az (M) ] ~

Special case 4
External diffusion is
rate-determining

D(62C 2§C) ( k)f‘)S 0 6C_
N T o )\ T orte Jo = or
1
c_L.s—o C——-8=0
e }\e
~ _ 8C ~ _ - 1
R=4nH2-n-Di<——- R=4nR2 - n-kf-\C——S8§
o /r=R le
C—-C=0 K(C—C) = pp- R
B A N 7Y
A A A
al = [—3(#;)01]; ag = [200(7;)] 223 (i)ﬂz] a1 = [—hosQ1]; a2 = [0 * Aofh2 — hofQd2]
o= b+ k(92 4 922) ]
L+ ky1)2 + (kyz2)? Same as case 2
Y2
sz[
(1 + ky1)2 + (ky2)?

Same as general case

@1 = —A

P2 = +2
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Same as case 2

Same as case 2
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(67)

1

Special case 5
Surface adsorption is
rate-determining

acC
—_— 0

or

8C -« o 1
— = xc—“szx(c_—s)
b6 Ae
E % A(C 1 S)

== — B e —

P 86 P he

C—C=0

a1 =[—hoQ1]; a2 =[8ohoh2 — do - Q2]

Same as case 4

Same as case 4

Same as case 4
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where A = 3)\o/h% and B = #oro. Then Equation (52)
becomes

(6) =—;—+—i—£jy(>\)dx=

6() 2o
1 2 3(a) =

ki
g T 00 2 (68)
where ki = 1,5,1,6,1,5,23,16,152............ etc.

In the calculations the value of AM was changed as A
and B were varied. To ensure reasonable accuracy j was
taken large enough to reduce exp [— Ay1 (i) ]/\i to 1075,
Figure 1 illustrates the values of the function yi for in-
creasing § for the specific case where Ao = 217 and h =
27.9. It is seen that at n = 48, yi is essentially zero.

Figure 2 shows the results as a plot of (C/Cb)z, vs. 6o
for Ao = 217, Curves are included for k from 0 to 14.0.
Figure 3 illustrates the results for Ao = 406. These specific
values for the dimensionless groups were chosen because
of their relationship to the experimental situation de-
scribed in the following paper.

For the second case, where surface adsorption is the
controlling step, Equation (67) is still applicable, but A
= )Xo, B = 6oho and the functions y1(\i) and ¢2(\:) are
those given in Table 1, special case number 5. The results
for this situation are shown in Figure 4, where (C/Co)zo
‘is a function of only two groups 6o and Xo. The results
given in Figures 2 and 3 for the first case approach those
in Figure 4 as the Thiele modulus approaches zero. For
example the curve for h = 0 in Figure 3 (Ao = 406 )is
essentially the same as the curve in Figure 4 for Ao = 400.
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NOTATION

C = intraparticle absorbate concentration, g. mole/cc.
of adsorbate-free liquid

C = interparticle adsorbate concentration, g. mole/cc.
of adsorbate-free fluid. Co is concentration at en-
trance to bed and C, at exit

C: = constant defined by Equation (29), cm./sec.

Cs = constant defined by Equation (37)

Di = effective diffusivity within the particle based
upon the spherical area perpendicular to the ra-
dial direction, sq.cm./sec.

f= = Laplace transform of C with respect to x, f: is
transform with respect to ¢ and fxz¢ denotes double
transform with respect to x and ¢

F: = Laplace transform of C with respect to x, F: is
transform with respect to t and Fixt denotes
double transform with respect to x and ¢

g = Laplace transform of S

h = intraparticle diffusion dimensionless group (Thiele
type of modulus) defined by Equation (36)

i = imaginary quantity, \/—1

i =nA\

k = Di/kiD

ks = external mass transfer coefficient, cm./sec.
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ko = external diffusion-surface reaction dimensionless
group defined by Equation (62)

ki = coeflicient of yi in Equation (68)

n = average number of spherical particles of radius R
in a unit volume of packed bed, cm.™3

P = transform parameter with respect to x, sec.™!

q = transform parameter with respect to time, sec.”!

R = radius of spherical particle, cm.

r = intraparticle radial distance, cm.

R = rate of diffusion of adsorbate across outer surface
of spherical particle per unit volume of bed, g.
moles/ (sec.) (cc.)

S = intraparticle concentration of adsorbate on solid

surface, g. mole/ (g. of adsorbate-free adsorbent)
time variable defined by Equation (9), sec.
superficial linear velocity of adsorbate-free fluid,
cm./sec.

W (g) = function of q defined by Equation (35)

2
u

I

yi = integrand in Equation (52) for A = \i, as defined
by Equation (66)

x = axial position variable defined by Equation (8),
sec.

z = axial distance in bed measured in direction of

flow, cm., ¢, total bed length

Greek Letters

A = integration parameter
A = adsorption rate constant, cc./(g.) (sec.)
- >

Ae = adsorption equilibrium constant, M/p, cc./g.

Af = external diffusion constant, defined by Equation
(57)

Ao = reaction dimensionless group, defined by Equa-
tion (49)

Aof = external diffusion dimensionless group, 8. A/Xe,

defined by Equation (66)

pB, pp = density of packed bed and of particle, respec-
tively, g./cc.

en, ep = void fraction of bed and of particle, respectively,

g./cc.

time, sec.

holdup time, defined by Equation (51)

time dimensionless group, defined by Equation

(50)

© desorption rate constant, sec.™!

$1, 2 = functions of ®1 and ®2, defined by Equations
(45) and (46) or functions of X defined by
Equations (83) and (64)

®1, d» = functions of A, defined by Equations (47) and

(48)
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